Introduction
The topological aspects of representation theory are captured by the generalized cohomology theory known as equivariant K-theory. Applied to a point, the K-group
is the representation ring of the structure group G. Applied to other spaces, it yields rings, which are related to the representation rings. For instance, the K G -theoretic transfer along the map π: G/H → pt gives the induction map ind: R(H) −→ R(G).
This point of view is taken in [AB68] , where Atiyah and Bott obtain Weyl's famous formula for the character of ind([̺]) as an application of their fixed point formula for the T -equivariant transfer π ! . Here T is a maximal torus, sitting inside H. Schubert calculus, originally concerned with the cohomology of the partial flag varieties, has long been extended to include the analogous K-theory picture. An essential ingredient in both theories are pull-backs and transfers (push-forwards) along maps between partial flag varieties.
In [BE90] , Bressler and Evens formulate Schubert calculus in broad generality, replacing cohomology and K-theory with any generalized multiplicative cohomology theory possessing the relevant transfers. The universal example of such a theory is complex cobordism, and cobordism-theoretic Schubert calculus is now becoming a discipline of its own (see [BE92] , [HK11] and [CPZ09] ).
We are interested in equivariant elliptic cohomology, Ell G . It has long been conjectured that Ell G plays the same role for the representation theory of the loop group LG that K G plays for the representation theory of G. This idea can already be found in Grojnowski's article on the definition of Ell G [Gro07, p.2 and 3.3], it took shape in Ando's work on Euler classes [And03] and was later picked up by Lurie [Lur] . We will see in Section 6.2 that ΓEll * G (pt) ∼ = T h W * is Looijenga's ring of theta functions [Loo77] . This is where the loop group characters take their values.
possess Thom isomorphisms for complex vector bundles, so that the theory of transfer maps acquires a twist by a line bundle, called the Thom sheaf.
In our main application, the Thom sheaf for π ! turns out to be L g Lo , the Looijenga line bundle raised to the dual Coxeter number. This accounts for the shift of level by g occuring in the Weyl-Kac formula.
The paper is organized as follows: treating cohomology, K-theory and elliptic cohomology simultaneously, we view all three theories as sheaf valued, revisiting, and to some extent reorganizing, the circle of ideas in [Gro07] , [Ro03] , [Ro01] , [And03] , [GKV95] , [Lur] , and [Gep05] .
After recalling the definitions and the general setup (Sections 2 and 3), we review a powerful calculational tool: this is the theory of moment graphs (Section 4). We show how to deduce the isomorphism
for torsion free π 1 G (see [McL79] ) directly from the moment graph of G/H. Our proof does not use Pittie's theorem that R(H) is free over R(G), nor does it involve any explicit calculations with basis elements. Our argument is identical for K-theory and cohomology and also yields a description of Ell T (G/H). Now we are in a position to prove the axioms of [GKV95] needed in our applications, and this is done in Section 5.
Section 6 treats the theory of Thom sheaves. We identify The Thom sheaf L ξ of any complex vector bundle ξ with the pull-back of a universal example:
Here c ξ is the Ginzburg-Kapranov-Vasserot characteristic class of ξ. Finally, in Section 8, we arrive at the promised formula for the transfer π ! . In cohomology, this is a formula by Akyildiz and Carrell [AC83] , in Ktheory, it is the Weyl formula, and in elliptic cohomology it is the Weyl-Kac formula.
The combinatorial aspects of the theory, as well as concrete examples will be addressed in [GR] .
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for (even) Borel equivariant cohomology with complex coefficients, and
for equivariant K-theory (as in [Seg68] ) with complex coefficients. We will also consider the relative and reduced versions of these theories. These are contravariant functors in G and in X (or pairs (X, A) or (X, x 0 )). For abelian T it follows that the coefficient rings
form Hopf algebras, with the comultiplication given by multiplication in T . For the circle group U(1), we have
These are the Hopf algebras of regular functions on the (affine) group schemes
(additive group) and
is the first Borel equivariant Chern class of the defining representation C 1 of U(1). It generates the ideal
of regular functions on A 1 C that vanish at 0. The K-theory class z is the character of C 1 . The K U (1) -theoretic first Chern class of C 1 equals 1 − z, generating the ideal I(1) of regular functions on G m vanishing at 1.
More generally, let T be a compact abelian Lie group with Lie algebra t, and let T = Hom(T, U(1))
be the character lattice of T . Let T 0 ⊆ T be the connected component of 1, and let Λ ⊂ t * be the weight lattice of the torus T 0 . If T = T 0 is connected there is an isomorphism
For λ ∈ Λ, let C λ be the one dimensional representation of T 0 with character e 2πiλ . Then the coefficients H T ∼ = H T 0 are identified by the Hopf-algebra isomorphism
Here λ C = λ ⊗ R C is viewed as a regular function on the complex algebraic group t C := t ⊗ R C. This point of view, going back to Borel, allows us to interpret H T (X, A) as the global sections of a coherent sheaf H T (X, A) on t C .
In K-theory, the T -equivariant coefficients are given by the representation ring
For instance,
with e λ e µ = e λ+µ . So,
is identified with the ring of regular functions of the complexification T C of T . This allows us to view K T (X, A) as the global sections of a coherent sheaf
We have T C ∼ = Hom T , C × , and
Let E be a complex elliptic curve, and let
Grojnowski's T -equivariant elliptic cohomology takes values in coherent sheaves over M T , and
We will see that the above theories form the degree zero parts of three RO(T )-graded (sheaf valued) equivariant cohomology theories. Note that the complex group M T is no longer affine and the global sections ΓEll T (−) do not form a cohomology theory. This makes the sheaf point of view essential to the theory. We will now see how the formal properties of Ell T , as axiomatically postulated in [GKV95] , determine the stalks of the theory. This is the motivation behind Grojnowski's construction, which we will recall in Section 3.3.
Homogeneous spaces and representation spheres
Let T ′ ⊆ T be a closed subgroup. Then we have canonical inclusions t ′ C ⊆ t C and T ′ C ⊆ T C and M T ′ ⊆ M T and isomorphisms of coherent sheaves
The first two of these isomorphisms are classical. We recall the definition of the third on page 20. That it is an isomorphism will be an immediate consequence of the construction of Ell T . From now on, we let A T be one of the complex abelian groups t C or T C or M T , and we let F T be the theory H T or K T or Ell T taking values in sheaves over A T . Often we will write + for the group operation in A T and 0 for its unit, with the understanding that these are to be replaced by · and 1 for the multiplicative case A T = T C .
Let T be a torus, λΛ, and let SS λ be the representation sphere (one point compactification) of C λ , and write K λ for the kernel of e 2πiλ inside T . We may identify the equator of SS λ with T /K λ . The usual Mayer-Vietoris argument gives the following:
is identified with the kernel of the map
Stalks
By a point in A T , we will always mean a maximal point. For a ∈ A T , let
be the smallest subgroup of T with a ∈ A T (a) . Let
be the inclusion of the T (a)-fixed points. We will identify the stalk of F T at a in two steps. First, we note that
is an isomorphism of T -equivariant cohomology theories. Indeed, it is enough to check this on orbits X = T /T ′ , where it follows from (1). Second, consider the quotient map p: T → T /T (a) and use the isomorphism
and hence
Combining these two steps, we obtain isomorphisms
Over a sufficiently small neighbourhood U of a (see Section 3.3 for details) these isomorphisms extend to an isomorphism of sheaves
3 The Chern character and the construction of Ell T
Completion
In the sheaf-theoretic language, the Atiyah-Segal completion theorem identifies the formal completion of F T at 0 ∈ A T with the Borel equivariant version of F . More precisely, we have the following theorem.
Theorem 3.1 (Completion Theorem). We have an isomorphism of pro-rings
where
In the case of K-theory, the right-hand side is K(ET × T X), and Theorem 3.1 is [AS69] . For cohomology, the right-hand side is
(see [Ro03, p.6] ). In Section 6, we will see how Theorem 3.1 follows from the formal properties of F T .
Roşu's Chern character
Consider the exponential map
This is an analytic map of complex groups, it is not algebraic. For an algebraic sheaf F on a complex variety, we let F h be the analytic sheaf associated to F . The following theorem is a reformulation of the main result in [Ro03] .
Theorem 3.2 (Roşu). Assume 4 that H T (X) is free over H T . For a small enough analytic open neighbourhood U of 0 ∈ t C there is an isomorphism of analytic sheaves
uniquely determined by the commuting diagram
where the top row is Roşu's Chern character at the stalk 1, and in the bottom row, ch stands for the (Borel-equivariant) classical Chern character.
Consider now the quotient maps
This assumption ensures that the restriction maps of H h T (X) and, more importantly, the map H h T (X) 0 → H T (X) 0 are injective. I do not follow Roşu's argument for arbitrary X in [Ro03, p.7 ]. This does not affect the main applications in [Ro03] , since for those Knutsen and Roşu do require H T (X) to be free over H T .
where q = e 2πiτ . These induce a commuting diagram of complex analytic group homomorphisms
When it exists, Roşu's Chern isomorphism ch T will fit into a commuting diagram
of sheaf isomorphisms over a small neighourhood of 0 in M T .
Construction of Ell T
The construction of Ell T (X) was first outlined in [Gro07] . The technical details were filled in in [Ro03] , see also [And03] and [Ro01] . This section is a reminder of Grojnowski's construction.
Note first that the properties stated in Section 2.2 and Section 3.2 determine Ell h T (X) locally: every a ∈ M T has a small analytic neighbourhood U a satisfying
Choose U 0 small enough such that the logarithm is well-defined over it and
Further, we assume U a to be small enough to satisfy
Then we are forced into
We need to understand how these patches are to be glued. Given a non-empty intersection U := U a ∩ U b , we make the additional assumptions
. After restricting to log(U − a), the map
becomes an isomorphism of (analytic) sheaves.
Proof :
We check the statement on stalks. Let γ ∈ log(U − a). We claim that we have an equality of simultaneous fixed point sets
The statement then follows from (2) with γ in the role of a. To prove the non-trivial direction of the claim, let c = exp(γ). Then a + c is an element of U b , and we obtain
The inclusion in the middle may be checked on orbits T /T ′ ⊆ X, where it follows immediately from the definition of T (−).
Let now γ := log(a − b). Similarly to the proof of the lemma, one argues that T γ fixes X T (b) . As in (3), we obtain an isomorphism
and hence of the corresponding analytic sheaves. Finally, we have
The desired glueing isomorphism is the composite
To define the algebraic theory Ell T (−), we use Serre's GAGA result: Ser56] ). Let X be a projective algebraic variety over C, let X h be its underlying analytic variety and let Coh alg (X) and Coh an X h be the categories of coherent algebraic (resp. ananlytic) sheaves over X. Then the functor
is an equivalence of categories.
Compact connected Lie groups
Let G be a compact connected Lie group with maximal torus T and Weyl group W . Then F G takes values over the scheme
and
is the sheaf of W -invariant sections. In the elliptic case, these are to be taken as the definition of M G and Ell G .
Moment graphs
Moment graph theory provides a powerful tool for calculations. Let T be a compact torus and X a compact T -manifold. Let
be the inclusion of the fixed points in X. For a subtorus T ′ of T , this factors through the inclusion
Recall that the equivariant 1-skeleton X 1 of X is defined as the set of all points in X whose orbit is at most one-dimensional. The following theorem was proved for cohomology by Goresky, Kottwitz and MacPherson [GKM98] . Knutsen and Roşu later generalized it to K-theory and elliptic cohomology [Ro03] .
Theorem 4.1 (Localization Theorem). Assume that H T (X) is free over H T and that X 1 consists of a finite number of representation spheres SS λ , meeting only at the fixed points. Then the map
is injective, and its image is equal to
where the intersection runs over all subgroups of codimension 1 in T .
The data determining the right-hand side of (5) are recorded in the "moment graph" of X:
Definition 4.2. In the situation of the theorem, the moment graph Γ of X has vertices indexed by the fixed points of X and an oriented edge with label λ ∈ Λ from x 1 to x 2 for each SS λ ⊆ X 1 , containing x 1 as 0 and x 2 as ∞.
Corollary 4.3 (of Theorem 4.1 and Corollary 2.1).
In the situation of the theorem, F T (X) is described by the following equalizer diagram
Here K λ = ker(e 2πiλ ), the first sum is over the vertices, the second sum is over the edges of the moment graph, and the two arrows are defined in the obvious manner.
This formulation of the theory can be found in the paragraph before (1.3) in [GKM98, p.27].
Example 4.4 (Partial flag varieties). Let H ⊆ G be compact connected Lie groups of equal rank. Let T ⊆ H be a maximal torus (of both). Let W G be the Weyl group of G. Then the Weyl group of H can be identified with a subgroup W H ⊆ W G . Fix a set of positive roots R + of G. For α ∈ R + , let s α ∈ W G be the corresponding reflection. The following description of the moment graph of G/H can be found in [Tym09, Thm 3.1]: we have a bijection
Writing [w] for the vertex corresponding to the left-coset wW H , we have an edge labeled α from [w] to [s α w] whenever α ∈ R + is such that w −1 (α) < 0 is not a root of H.
Often the groups K α = ker(e 2πiα ), turning up as the stabilizers of one dimensional orbits in G/H, have an interpretation as fixed points:
Lemma 4.5. Let G be a compact connected Lie group with maximal torus T and Weyl group W . Let α be a root of G. Then the action of s α on T leaves the elements of K α fixed. If π 1 (G) is torsion free then the inclusion
is an equality.
and Γ is the sublattice generated by the coroots. Let x ∈ t be such that exp(x) is fixed under s α . Then
is an element of Λ ∨ . Since Λ ∨ /Γ is torsion free, it follows that α(x) is an integer. Hence e 2πiα(x) = 1, and we have proved
The scheme X A G
The sheaf F G (X) is a sheaf of commutative algebras over A G . Following [GKV95, (1.7.4)], we let X A G be the spectrum of F G (X). This is a scheme over A G . The assignment X −→ X A G is covariantly functorial in X. We have pt A G = A G . Writing π: X → pt for the unique map from X to the one point space, the map
is the structure morphism. In other words, X A G is determined by the fact that
Partial flag varieties
Let H ⊆ G be compact, connected Lie groups of equal rank, let T ⊆ H be a maximal torus, W G the Weyl group of T in G.
Theorem 4.6. Assume that π 1 (G) is torsion free. Then we have a W Gequivariant epimorphism of schemes over
In the case of ordinary cohomology, the assumption that π 1 (G) is torsion free is not needed.
Proof of Theorem 4.6: With the notation as in Example 4.4, we write
for the set of vertices in the moment graph. Consider the map ϕ:
Let W G act on the source of ϕ by
and on the target by its usual action on the first factor. Then ϕ is W Gequivariant. By Corollary 4.3 and Example 4.4, we have a coequalizer diagram
where the first coproduct runs over the edges of the moment graph. Both maps on the left are W G -equivariant with respect to the action
on their source. The universal property of coequalizer yields a W G -equivariant map
which is easily seen to be an epimorphism. Note that we have identified ϕ with A i , where i is the inclusion of the T -fixed points F in G/H. To obtain the promised map of schemes over A G , we quotient by the action of W G . It remains to prove injectivity of ϕ/W G . We have
In the source of ϕ, we have made the, a priori finer, identifications
Here we have used Lemma 4.5, which is why we need the assumption that π 1 (G) be torsion free. In many cases (6) is sufficient to imply injectivity of ϕ, but we will see an example where this fails. Assume now that [w
Hence ϕ/W G is an isomorphism, as claimed.
We now ask when the map ϕ of the Theorem is injective. Corollary 4.9 (of Lemma 4.7). In the situation of the lemma, we have
Corollary 4.10. For cohomology and K-theory, the map ϕ of Theorem 4.6 is an isomorphism. If the centralizers of commuting pairs in G are connected, then ϕ is also an isomorphism in elliptic cohomology.
On global sections, ϕ gives the familiar isomorphisms
studied by Borel, Demazure and others, and Example 4.12. Let G = U(n). Then all the groups T w are, in fact, connected, so that the word in Lemma 4.7 depends only on w, so that the map ϕ of the theorem is an isomorphism also in the elliptic case.
5 The Ginzburg-Kapranov-Vasserot characteristic class
Properties of X A G
We discuss some basic properties of the scheme X A G introduced in Section 4.1. In the cases of cohomology and K-theory, these are well-known. In the elliptic case, they were conjectured in [GKV95] . We give proofs for the special cases relevant to us.
Change of groups: Let φ: H → G be a map of groups, and let X be a finite G-CW-complex. Then we have a commuting square
We write X A φ for the top map. The assignment (−) A φ is natural in X.
Induction Axiom: Let K ⊳ G be a normal subgroup, and let X be a G-space such that the action of K on X is free. Write p: X → K\X and φ: G → G/K for the quotient maps. Then we have a commuting square, natural in the space X,
where the vertical maps are the respective structure maps, and the top map is (K\X)
Homogeneous spaces: Let j : H ֒→ G be the inclusion of a closed subgroup. Let ι: pt → G/H denote the inclusion of the point 1H. Then we have an isomorphism
t t t t t t t t t A G .
Künneth: For a G-space X and an H-space Y , we have a commuting square, natural in all ingredients,
whenever the corners are defined. In the special case that G = H = T is a compact torus, we have an isomorphism over
Each of these properties can be reformulated in terms of the sheaves F G (X), where the obvious generalization for pairs can be formulated (see [GKV95] ). The last property that we need is stated most naturally in terms of the reduced theory.
Odd coefficients: Let ̺ be an odd-dimensional orthogonal representation of G. Then F G vanishes on the corresponding representation sphere:
For elliptic cohomology, the change of groups property, the Künneth property and the vanishing of the odd coefficients follow immediately from the construction of Ell G and the corresponding properties of H G .
Proposition 5.1. Assuming the change of groups and Künneth properties, the homogeneous spaces property and the induction axiom are equivalent.
Proof : It is shown in [GKV95, (1.7.5)] that the induction axiom implies the homogeneous spaces property. The other direction is proved by cellular induction: if K acts freely on the orbit G/H then the composite
is still injective, and we have
Hence (K\G/H)
We saw in (1) that the homogeneous spaces property holds if G is a compact torus. It follows that the induction axiom holds for the inclusion H ⊆ T of any closed subgroup of a compact torus. In particular, G A T = (T \G) A 1 , and hence
Further, we saw in Theorem 4.6 that the homogeneous spaces property holds if H ⊆ G are compact and connected of equal rank and π 1 (G) is torsion free.
Proposition 5.2. Let G and K be compact connected Lie groups. Then the induction axiom holds for the inclusion
Proof : Write T and T ′ for the maximal tori of G and K. Using Künneth, (1) and (7), we see that the homogeneous spaces property holds for any inclusion of the form
The case G = T G now follows from the proof of Proposition 5.1. In the general case, we have
This completes the proof.
Classifying maps
Let X be a compact G-manifold, and let ξ : P −→ X be a G-equivariant principal K-bundle on X. We make the convention that both groups act from the left and that the actions commute. Write G ⋉ X for the translation groupoid with objects X, arrows
and composition given by composition in G. Similarly, we have the translation groupoids (G × K) ⋉ P and K ⋉ pt.
Definition 5.3. The classifying map of ξ is the generalized map of Lie groupoids
Definition 5.4. The universal principal K-bundle is the K-equivariant principal bundle
where the two left-actions of K are as follows: as an K-equivariant space, K carries the action of K on itself by left-multiplication. It is a principal K-bundle over the one point space via the action (k 1 , k 2 ) → k 2 k −1
1 . The nomenclature is justified by the following Lemma, which follows directly from the defintions.
Lemma 5.5. We have an isomorphism
More can be said here: the assignement ξ −→ f ξ wants to be an equivalence from the category of principal K-bundles over G ⋉ X to the category of generalized maps (i.e., zig-zags like the one in Definition 5.3), and in fact the former has been used to define the latter, see [Ler10] and [HS87] .
Corollary 5.6. In the situation of Definition 5.3, assume that G is trivial. Then the Borel construction functor, applied to f ξ ,returns the zig-zag
Choosing a homotopy inverse to the first map, we obtain the more familiar classifying map from X to the classifying space of K.
Proof : This follows, since Borel construction commutes with pull-backs.
Example 5.7 (Representations). Let ̺: G → U (n) be a complex representation of G, and let ξ n be the universal principal U(n)-bundle as in Definition 5.4. Consider the action of G on U(n) by left multiplication with ̺(g). This makes ξ n into a G-equivariant principal U(n)-bundle over the one point space. The equivalence
of Definition 5.3 has the quasi-inverse g −→ (g, ̺(g)) ∈ Stab(1).
Hence the classifying map f ξn is equivalent to
Example 5.8 (The splitting principle). Assume that K is a compact connected Lie group and i: T ֒→ K the inclusion of its maximal torus. Then ξ may be factored as the composite
where ζ is the quotient map by the T -action. So, ζ is a principal T -bundle, while the fiber of q is the flag variety T \K. Over the total space T \P of this flag bundle, the structure group of ξ can be reduced to T . Let
be the principal K-bundle obtained from ζ by associating the fiber K. Then
This fact is known as the splitting principle.
In terms of classifying maps, the splitting principle amounts to the commutativity of the diagram
Definition 5.9 (Characteristic class). Let ξ : P → X be a G-equivariant principal K-bundle with classifying map f ξ . Then Proposition 5.2 yields a map of schemes c ξ :
We will refer to c ξ as the Ginzburg-Kapranov-Vasserot characteristic class of ξ.
Thom sheaves
Let ξ : V → X be a G-equivariant complex vector bundle. We will write X ξ for the Thom space of ξ and z : X + ֒→ X ξ for the zero section. Applying the reduced theory, we obtain a locally free rank one 6 module sheaf
Note that our convention differs from that in [GKV95, 2.1], where the inverse of L ξ G is refered to as the Thom sheaf. The Euler map is the map
induced by the zero section z: X → X ξ (compare [GKV95, (2.6)]). If the group G is understood, we drop it from the notation.
Properties of the Thom sheaf
The following properties of the Thom sheaf are reformulations of well-known facts about Thom classes in cohomology and K-theory. We deduce the elliptic case, whenever the groups involved have been defined. Naturality: Let f : X → Y be a G-equivariant map, and let ξ be a complex G-vectorbundle over Y . Then we have a commuting diagram of sheaves over
Hence it corresponds to a map
is an isomorphism. In the elliptic case, the last statement follows from [Gro07, 2.6] and the W -equivariance of the Thom isomorphism in cohomology.
Change of groups: Let φ: H → G be a map of Lie groups, and let ξ : V → X be a G-equivariant complex vector bundle. Then we have a commuting diagram of sheaves over
Proof : Consider the map of locally free rank one F H (X) module sheaves
For [a]
∈ A H , we have an equality of fixed point sets
Hence [Gro07, 2.6] implies that the above map is an isomorphism at the stalk [a].
Induction: Assume that the induction axiom holds for the inclusion of a normal subgroup K ⊳ G and that X is a G-complex on which the action of K is free. Then the change of groups isomorphism 
Proof : The induction and (external) multiplicativity properties follow directly from the induction axiom and the Künneth property of F G in their formulation for pairs. The internal Künneth for L ξ⊕ζ T follows from the external Künneth and the change of groups property.
Universal bundles: The Thom sheaf of the universal complex line bundle ξ 1 over pt (compare Definition 5.4) is the line bundle
of the divisor (0) on A U (1) . Recall that A U (1) equals C or C × , in which case we replace 0 by 1, or C/ τ, 1 . The Euler map of ξ 1 is the canonical inclusion
Consider the universal complex n-vector bundle ξ n over pt. Let T be the maximal torus of U(n). Then
is the projection to the ith factor. This is the line bundle associated to the divisor inside it. The U(n)-equivariant Thom sheaf and Euler map are obtained by taking the S ninvariant parts of L T and η T . We will write η n for the nth universal Euler map.
The following result, which determines all Thom sheaves up to isomorphism, follows immediately from the list of properties above.
Theorem 6.2. Let ξ : V → X be a G-equivariant vector bundle, and let c ξ be its Ginzburg-Kapranov-Vasserot characteristic class (c.f. Definition 5.9). Then we have a commuting square
Example 6.3. Let λ = 0 be a weight of T , and let j : K λ ֒→ T be the kernel of e 2πiλ . Consider the T -equivariant line bundle ξ λ : C λ → pt. By Example 5.7, we have a short exact sequence
Hence the Thom sheaf of ξ λ is
the line bundle on A T associated to the divisor A j .
Example 6.4. Let ̺: G → U (n) be a complex representation, viewed as a G-equivariant complex vector bundle over the one point space. By Example 5.7, we have an isomorphism
of sheaves over A G .
Example 6.5. If ̺: G → U(1) is the one dimensional trivial represesntation, then A ̺ factors through the inclusion of zero i 0 : A 1 → A U (1) . Hence
Writing ω also for its pull-back to A G , we obtain
This shows that the Periodicity Axiom (1.5.5) in [GKV95] is, in part, redundant. We will come back to this in Section 6.2.
Example 6.6. Let
be the character of ̺, with λ k ∈ Λ \ {0} for all k. By Example 6.3, we may identify the G-equivariant Thom sheaf L ̺ G over A T /W with the sheaf of
Corollary 6.7. Let ̺: T → U (n) be a complex representation of T with character χ ̺ = e 2πiλ 1 + · · · + e 2πiλn , λ i = 0, and write S 2n−1 ̺ for its unit sphere inside C n . Then we have an isomorphism
where the right-hand side stands for the scheme theoretic intersection over A T .
Proof :
We have a cofiber sequence
whose second map is the zero section z in the definition of η ̺ T . Applying F T , we obtain the short exact sequence
where the first map is the canonical inclusion.
Example 6.8. Consider the representation
is the kth infinitesimal neighbourhood of 0 inside A U (1) .
We are now in a position to give the promised proof of the Completion Theorem from the formal properties of X A T .
Proof of Theorem 3.1: We follow the outline in [GKV95, (1.7.2)]. Writing T as the product of r copies of U(1), we may build ET from the equivariant skeleta
where the notation is as in the last example. The induction axiom gives a commuting diagram
A combination of the internal and external Künneth properties, together with the last example, yields an isomorphism of schemes over A T
Letting k vary, the right-hand side becomes an ind-scheme over A 1 , isomorphic to the formal completion (X A T ) 0 .
RO(G)-grading and periodicity
We are now ready to define the full theory Ell * G (−), graded by the set of orthogonal representations contained in an indexing universe (see [May96, p.154] ) and their formal differences. For any such universe, there is a cofinal system of representations of the form
Hence it suffices to define the groups
where ̺ is as above and σ is in our universe. The resulting theory satisfies the axioms of a sheaf-valued RO(G)-graded cohomology theory: Ell G is a contravariant functor of X and σ and a covariant functor of ̺. Each Ell ̺−σ G (−) is exact on cofibre sequences and sends wedges to products. There are suspension isomorphisms
natural in X and the orthogonal representation ̺, and satisfying
Remark 6.9. These axioms are immediate from the definitions. Note that exactness is checked on stalks, and we cannot expect sections over an open Γ(U, Ell * G (−)) to be exact. In other words, a sheaf-valued cohomology theory is not the same thing as a sheaf of cohomology theories.
The theory of Thom sheaves is extended to virtual equivariant complex vector bundles, and we set Ell * +ξ
Finally, we have periodicity isomorphisms
for complex representations ̺. 
Euler classes

Thom isomorphisms
Let ξ 1 be the universal complex line bundle of Definition 5.4, and recall that its Thom sheaf is the invertible sheaf
over A U (1) . For the additive or multiplicative group this divisor is principal:
The universal Euler classes in cohomology and K-theory are the functions e(ξ 1 ) = x on C and (1 − z) on C × , and the universal Thom isomorphisms are
(replace (0) by (1) for K-theory). As a consequence, all Thom sheaves in these theories are trivialized, and the theories possess Chern classes for complex vector bundles.
We will be particularly interested in the case where the complex vector bundle ξ : V → X comes equipped with a spin structure on the underlying real bundle. In this case, the Ginzburg-Kapranov-Vasserot characteristic class factors as
where A U 2 (n) is the pull-back in the cartesian square
Example 7.1. In the multiplicative case, a point in A U 2 (n) consists of
together with a choice of square root
Definition 7.2. We write
. for the universal Thom sheaf for such n-dimensional complex bundles with spin structure.
In K-theory L ξn U 2 (n) is the target of the Atiyah-Bott-Shapiro Thom isomorphism
,
Theta functions and elliptic Euler classes
On the elliptic curve E = C/2πi τ, 1 the divisor (0) is no longer principal. In this case, the Thom isomorphisms above are replaced by the theta function formalism: let ̺ be a complex representation of G with character
Then the first Pontrjagin class
is an integer-valued positive definite symmetric bilinear form on Λ ∨ . If ̺ admits a spin structure then we have
for all x ∈ Λ ∨ .
Definition 7.3. Let I be a positive definite symmetric bilinear form on Λ ∨ , and assume that I satisfies (8). Then the Looijenga line bundle associated to I is the invertible sheaf L I on on M h T with sections
Here x ∈ Λ ∨ , and q x stands for the image of τ x under exp: t C → T C , while y is the quotient map T C → M T . So, if T = U(1) then q x = e 2πiτ x . We write
for the global sections of L p 1 (̺) and refer to elements of Θ ̺ as Looijenga theta functions (of level p 1 (̺)).
Definition 7.4. Let ̺: G → U (n) be as above. We are still assuming that we have a spin structure on ̺. The "elliptic Euler class" of ̺ is the function on T C defined by
is the Weierstrass sigma function, and for z = exp(x) ∈ T C and λ ∈ Λ we are using the notation
In elliptic cohomology, the role of the Thom isomorphism is replaced by the isomorphism of line bundles over
.
Presumably, these notions generalize to yield a theta function description for the elliptic Thom sheaf of any equivariant U 2 (n)-bundle over a nice enough base (for instance, an equivariantly formal space). We do not pursue this here.
Remark 7.5. Ando has considered equivariant elliptic cohomology with twisted coefficients, where the twist comes from an element β ∈ H 4 (BG; Z). He does so by extending Looijenga's definition of L β to β not satisfying (8). Let G be connected, and let ̺ be an even dimensional orthogonal representation of G. Then a similar argument to the one above yields an isomorphism between Ell ̺ G (pt) and L W p 1 (̺) . So, the RO(G)-graded coefficients are contained in Ando's picture.
Push-forwards
Let X and Y be compact, closed smooth manifolds, and let f : X → Y be a complex oriented map in the sense of [Qui71] . That means that we have a factorization
where ξ is a complex vector bundle and the normal bundle ν of i is equipped with a complex structure.
Definition 7.6. For such a complex oriented map f , one defines the relative Thom sheaf as
This is a sheaf over Y A G . The push-forward along f is the map
induced by the Pontrjagin-Thom collapse.
The following lemma is immediate from the definitions.
Lemma 7.7 (Localization Lemma). Let X be as above with a smooth Taction. Let i: X T ֒→ X be the inclusion of the fixed points and assume that we are given a T -equivariant complex structure on the normal bundle ν of i. Then we have a commuting diagram
where z is the zero section of (X T ) ν .
Note that the trivial representation does not turn up as a summand inside ν.
Corollary 7.8. In the situation of the Localization Theorem 4.1, assume that the normal bundle is equipped with a T -equivariant complex structure. Let ∆(ν) ⊆ A T be the closed subset
Then, restricted to A T \ ∆(ν), the map i * becomes an isomorphism with inverse i ! • (z * ) −1 .
8 Character Formulas
Induced representations
Let G be a compact connected Lie group with maximal torus T , and let B ⊆ G C be a Borel subroup of its complexification. Such a choice of B is equivalent to a choice of positive roots of G. It endows the flag variety
with a complex structure such that the tangent space at the coset of 1 is the complex T -representation
Similarly, if H ⊆ G is a connected subgroup containing T and P H the parabolic subgroup corresponding to H, we have a complex structure on the homogenous space
Definition 8.1. In this situation, we define the map
as the composite
Here, and I apologize for this notation, h is the Lie algebra of H, not a Cartan subalgebra. Further
is the tangent bundle of G/H, and π is the unique map from G/H to the one point space. The push-forward π ! is as defined in Section 7.3. 
The Weyl character formula
We will now compute the character of these induced representations. As in Theorem 4.6, we let W H and W G be the respective Weyl groups, and we let 
To be precise, the Localization Lemma implies the equality (10) in the localized ring R(T )[e(g/h) −1 ].
Since R(T ) maps injectively into this localization, and χ ind(̺) is an element of R(T ), it makes sense to interpret (10) as a formula in R(T ). Replacing K-theory by cohomology, we obtain a formula for the composite 
The Kac character formula
We now turn our attention to the elliptic case, making the additional assumtion that the partial flag variety G/H carries a U 2 -structure. For simplicity of notation, we write (1 − q n ) 2 .
As λ varies over a set of representatives for Λ/kI ♯ (Λ ∨ ), the θ k,λ form a basis for Θ k . (1 − q n e 2πiα ) (1 − q n e −2πiα ) .
Up to the factor ±Φ(q) d+r , which is constant in z, this agrees with the Kac character formula for the positive energy representation of the loop group LG of level k and heighest weight λ + 1 2 α∈R + α. 
